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Abstract 

If G is a finite linear group of degree n, that is, a finite group of automor- 
phisms of an n-dimensional complex vector space, or equivalently, a finite 
group of non-singular matrices of order n with complex coefficients, we shall 
say that G is a quasi-permutation group if the trace of every element of G 
is a non-negative rational integer. By a quasi-permutation matrix we mean 
a square matrix over the complex field C' with non-negative integral trace. 
Thus every permutation matrix over C' is a quasi-permutation matrix. For 
a given finite group G, let c(G) denote the minimal degree of a faithful rep- 
resentation of G by quasi-permutation matrices over the complex numbers 
and let r(G) denote the minimal degree of a faithful rational valued complex 
character of G. The purpose of this paper is to calculate c(G) and r(G) for 
the Borel and parabolic subgroups of Steinberg’s triality groups. 
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1 Introduction 


If F is a subfield of the complex numbers C,, then a square matrix over F with 
non-negative integral trace is called a quasi-permutation matrix over F’. Thus 
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every permutation matrix over C' is a quasi-permutation matrix. For a given 
finite group G, let c(G) be the minimal degree of a faithful representation of G 
by complex quasi-permutation matrices. 

By a rational valued character we mean a character y corresponding to a 
complex representation of G such that x(g) € Q, for all g € G. As the values 
of the character of a complex representation are algebraic numbers, a rational 
valued character is in fact integer valued. A quasi-permutation representation 
of G is then simply a complex representation of G whose character values are 
rational and non-negative. The module of such a representation will be called a 
quasi-permutation module. We will call a homomorphism from G into GL(n, Q) 
a rational representation of G and its corresponding character will be called a 
rational character of G. Let r(G) denote the minimal degree of a faithful rational 
valued character of G. 

Finding the above quantities have been carried out in some papers, for ex- 
ample in [3], [4], [5] and [6] we found these for the groups GL(2,q), SU(3,4q°), 
PSU (3, q’), SP(4,q) and G2(2”), respectively. In [2] we found the rational char- 
acter table and the values of r(G) and c(G) for the group PGL(2, q). 

In this paper we will apply the algorithms in [1] to the Borel and parabolic 
subgroups of Steinberg’s triality groups. 


2 Notation and preliminary results 


Let ?D4(q) be the Steinberg’s simple triality group defined over a finite field with 
q = p” elements, where p is a prime number and n a positive integer. 

Let B be the F-stable Borel subgroup TU of G, where U is the product of 
all root subgroups of G to positive roots, and let B = BF be the corresponding 
Borel subgroup of G”’. 

The group B is the semidirect product of T = T® by the unipotent normal 
subgroup 


U =U® = Xa Xp X04pX20+6-X30+6 X30-+26- 
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The elements of T' form a set of representatives for the semisimple conjugacy 
classes of B and we parametrize these classes according to Table A.3 in Appendix 
A of [9]. 

The character table of the Borel subgroup B is given by Tables A.5 and A.6 
in Appendix A of [8] and [9]. 

Let P = (B,7,,,773,Mr,) be the F-stable maximal parabolic subgroup of G 
corresponding to the subset {r1,73,r4} C A and P := P¥ be the corresponding 
maximal parabolic subgroup of G’ =? D4(q). Then P is generated by B and ng 
and |P| = q'7(q° —1)(q- 1). 

P is the semidirect product of the Levi complement Lp = (TF, Xa, X_q) and 
the unipotent radical Up := XgXa+gX20+6%3a+8%X3a+28- The character table 


of the parabolic subgroup P is given by Tables A.9 and A.10 in Appendix A of 
[8] and [9]. 

Let Q = (B,n,.) be the F-stable maximal parabolic subgroup of G corre- 
sponding to the subset {ro} C A and Q := QF be the corresponding maxi- 
mal parabolic subgroup of G* =* D4(q). Then Q is generated by B, ng, and 
|Q| = '*(¢ — 1)(¢? — 1). 

Q is the semidirect product of the Levi complement Lg = (T¥, Xs, X_g) by 


the unipotent radical Ug := XqXo46X20+5X30+6% 30426: 

The character table of the parabolic subgroup Q is given by Tables A.13 and 
A.14 in Appendix A of [8] and [9], respectively. 

Assume F is a splitting field for G and that F is a subfield of E. If x,w € 
Irrp(G) we say that y and ~ are Galois conjugate over F if F(x) = F(q) and 
there exists ¢ € Gal(F(x)/F) such that x’ = ~, where F(x) denotes the field 
obtained by adding the values y(g), for all g € G, to F. It is clear that this 
defines an equivalence relation on Irrg(G). 

Let 7; for 0 <i <r be the Galois conjugacy classes of irreducible complex 
characters of G. For 0 <i <r, let yj be a representative of the class 7;, with 
Yo =1q. Write VU; = yen OG and K; = kery;. We know that K; = kerW;. For 
IC {0,1,2,---,r}, put Ay =()jc7 Ki. By definitions of r(G), c(G) and using the 
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above notations we have 
r(G)=minté(lh)sé =>) 77a ne 0K = 1, for i = {it FZ 0, me > OF}, 
T 
c(G) = min{é(1) :€ = Son Wi,n; > 0, Kr = 1, for I= {i,i £0,n; > OF}, 


i=0 . 
where no = — min{Eé(g)|g € G}. 
d(x),m(x) and c(y) have been defined in [1] [see Definition 3.4]. Here we may 


redefine them as follows. 


Definition 2.1. Let y be a complex character of G, such that ker y = 1 and 
X=x1+-::+Xn, for some x; € Irr(G). Then 
n 


(1) d(x) = DoIPi(xa) xa (1) 
i=1 


0, if X= la, 
(2) m(x) = J 
( | min{ 1 Veers(y;)X2 (9) 1g € G}\, otherwise, 
(3) e(x)=S5 SO xf +mdle. 
1=1aeT (xi) 
So 


r(G) = min{d(x) : ker x = 1}, 
and 
c(G) = min{c(x)(1) : ker x = 1}. 


The proofs of the following statements may be found in [1]. 


proposition 2.2. Let x € Irr(G), then Yoyepiy) X* is a rational valued char- 


acter of G. Moreover, c(x) is a non-negative rational valued character of G and 


(x) = d(x) + m(x). 
Lemma 2.3. Let x € Irr(G),x A 1g. Then c(x)(1) > d(x) +1 > yx(1) +1. 
Lemma 2.4. Let x € Irr(G). Then 


(1) e(x)(1) 2 d(x) 2 x(1)5 
(2) c(x)(1) < 2d(x). Equality holds if and only if Z(x)/keryx is of even order. 
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3 Quasi-permutation representations 


In this section, we calculate r(G) and c(G) for Borel and parabolic subgroups of 
Steinbergs triality groups ?D4(q). First we shall determine these quantities for 


odd q. 


Theorem 3.1. Let g be a power of an odd prime number. Then 


A) If G is a Borel subgroup B of 2D4(q), then 

4 : gal 
m —1 if m< =, 
1) r(G) = qd (q ) a) 
sq‘(q° —1)(q—1) otherwise, 
mq if m< oor 
ayolay=4 aa 

57g? —1) otherwise, 

where m = |I'(Bxi7(k))|. 


B) If G is the maximal parabolic subgroup P of ?D4(q), then 
1) r(G) = q'(q- 1); 


2) c(G)=¢q. 
C) If G is the maximal parabolic subgroup Q of ?D4(q), then 
mq3(q? -1 if @<q-1 
1) +(@) = q(¢ —1) f <a 
nq?(q—1)?(q+1), otherwise, 


mq if B<q-1, 


2) c(G) = 
nqg(q—1), otherwise; 


where m= |[(Qx16(k))| and n = |P(Qx17(k))|. 

Proof. In order to calculate r(G) and c(G), we need to determine d(x), m(x), 
and c(x)(1), for all characters which are faithful or (], Kerx = 1. Since the 
degrees of faithful characters are minimal, we only need to consider the faithful 
characters and by Lemmas 2.3 and 2.4 we have 

A) Using the character table A.6 of [9] for the Borel subgroup B, we have 
d(Bxi7(k)) = \U(Bxi7(k))|Bxi7(k)(1) > q*(q — 1) and so c(Bx17)(k)(1) = a, 
d(Bxis) = d(Bxi9) = d(Bx20) = d(Bx21) = |T (Bxis)|Bxis(1) = $94(¢? -1)(a- 
1) and so e(Bxis)(1) = ¢(Bxi9)(1) = e(Bx20)(1) = e(Bxai)(1) = 3°(¢? — 1). 


The values are set out in Table (1): 
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For the character By17(k), as |[(Bxi7(k))| < q? — 1, where I(By17(k)) = 
T(Q(Bx17(k))Q), we have 


q'(q-1) < d(Bxiz(k)) < (a -1)(@ - 1). 


Now by Table (I) and the above inequality we have 

min {d(x) : Kerx = 1} = d(Byi7(k)) = mq*(q— 1) ifm < vel , otherwise, 
min{d(y): Kery =1} = $q4(q° — 1)(q-1). Also 

min {c(x)(1) : Kerx = 1} = e(Bxi7(k))(1) = mq”, if m < ae , otherwise, 
min{c(x): Kery = 1} = $q°(q* — 1), where m = |I'(Bxi7(k))|. 

B) By the character table A.10 of [9], we have 


d(Pxis) = |T(Px15)|Px1s(1) = *(q — 1) and so c(Pxis)(1) = 4°, 

d(Pxis) = |P(Px16)|Px16(1) = @’(q — 1) and so c(Pxi6)(1) = 4°, 

d(Pxi7) = |P(Px17)|Pxi7(1) = 3¢*(q-1)(@? +1) and so uate s9(¢+1), 
d(Pxis) = |U(Pxis)|Pxis(1) = $¢°(q-1)(q? +1) and so e(Pxis)(1) = $¢°(q? +1), 
d(Px19) = |U (Pxi9)|Pxi9(1) = s¢*(q-1)(@— 1) and so ce(Px19)(1) = $¢°(q?—-1), 
d(Px20) = |U (Px20)|Px20(1) = $¢*(q—1)(@—-1) and so e(Px20)(1) = 5¢°(q?-1), 
d(Px2i(k)) = [P(Px21(k))|Pxai(k)(1) = a*(q— 1) (@ +1) and so e(Px21)(k)(1) > 
a(@ +1); 

d(PX22(k)) = |P(Px22(k))|Px22(k)(1) > a*(q—1)(q? —1) and so c(Px22)(k)(1) > 
CesT), 


The values are set out in Table (II): 
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Table (II) 


Now by Table (II) and the above inequality we have 

min {d(x): Kerx = 1} =d(Px1s) = q"(q—1)) and 

min {c(x)(1) : Kerx =1} =c(Px15)(1) =@. 

C) By the character table A.14 of [9], we have 

d(Qx16(k)) = IP(Qx16(K))|Qx16(k)(1) = 93 (q? — 1) and so c(Qx16(k))(1) > @”, 
d(Qx17(k)) = |P(Qx17(k))|Qx17(k) (1) = @?(q? -1)(q—-1) and so c(Qx17(k))(1) = 
q(q-1), 

A(X k=0 Qxis(k)) = IT(Ck=0 Qxis(k))|(k—0 Qxis(k))(1) = 29° (@? — 1)(q° — 1) 
and so ¢(>4—9 Qxis(k))(1) = 2¢°(q° — 1), 

dD k=0 Qxi9(k)) = IT (ko Qx19(k)) (ko Qxi9(k))(1) = 29° (a? — 1)(q? — 1) 
and so ¢( 49 Qx19(k))(1) = 2¢°(q* — 1), 

d(f=1 Qx20(h)) = [XR Qx20(h)) (HF Qx20(h))(1) = F-YP-Y YG 
1) and so (f=) Qx20(k))(1) > (a 1)(q? — 1). 


The values are set out in Table (III): 
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Table (III) 


fp 
@ = 

HG =a 

= Y@ =1) 


nie) 
? =e 


For the character Qx1i6(k), as |E(Qxi6(k))| < q? — 1, where POs) = 
T'(Q(Qx16(k))Q), we have 


g(a — 1) < d(Qxis(k)) < a3 (q" — 1)(q? — 1). 


Thus, for the character Qx17(k), as |[(Qx17(k))| < q?-+q+1, where T(Qxir(k)) 
T(Q(Qx17(k)) : Q), we have 


a(q—1)(¢? — 1) < d(Qxiz(k)) < @(¢? — 1)(q? - 1). 


Now by Table (III) and the above inequality, we have 
min {d(x): Kery = 1} = d(Qxi6(k)) = mq?(q? — 1) if = <q—1, otherwise, 
min{d(x) : Kerx = 1} = d(Qxi7(k)) = nq?(q? — 1)(q—1), and 
min {c(x)(1) : Kerx = 1} = c(Qxi6(k))(1) = mq”, if = < q—1, otherwise , 
min{e(x) + Kery = 1} = e(Qxir(k))(1) = ng5(q— 1), where m = P(Qxi6(4))| 
and n= |P(Qx17(k))|. 

In the following theorem, we have constructed the values of r(G) and c(G) 


for the case when q is even. 


Theorem 3.2. A) Let G be the Borel subgroup B of ?D4(2"), then 
1) r(G) = |P(Byis(k))la* (a — 1) 
2) c(G) = |P(Bx15(k))|9. 

B) Let G be the maximal parabolic subgroup P of ?D4(2"), then 
1) r(G) =q*(q-1) 
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2) c(G) =¢°. 
C) Let G be the maximal parabolic subgroup Q of ?D4(2”), then 
mq?(q? — 1), if ™ <¢— 1, 
1) +(@) = gig =) og 
nq?(q—1)?(q+1), otherwise, 


2) c(G) = mq, if ete dy 
nq(q—1) otherwise, 


where m= |[(Qx14(k))| and n = |P(Qx15(k))|. 

Proof. The quasi-permutation representations of Borel subgroup B and maximal 
parabolic subgroups P and Q of 3D4(2”) are constructed by the same method as 
in Theorem 3.1. So in order to calculate r(G) and c(G), we need to determine 
d(x),m(x), and c(x)(1), for all characters which are faithful or (\, Kerx = 1. 
Since the degrees of faithful characters are minimal, we only need to consider the 
faithful characters. By Lemmas 2.3, 2.4, and the character table A.6 of [8], we 
have 

A) d(Bxis(k)) = |C(Bxis(k))|Bxis(k)(1) > *(q—1) and so c(Bx15)(k)(1) > 4°, 
d(Bx16) = |P(Bx16)|Bx16(1) = ¢* (a? —1)(q—1) and so c(Bx16)(1) = 4°(¢? — 1). 
For the character Byi5(k), as |T(Byis(k))| < gq? — 1, where T(Byi5(k)) = 
P(Q(Bx15(k)) : Q), we have 


q'(q—-1) < d(Bxis(k)) < F(q—1)(¢ — 1). 


Now, we have 

min {d(x) : Kery = 1} = d(Bx15(k)) = | (Bxis(k))|q*(q—1) and min {¢(x)(1) : 
Kerx = 1} = e(Bx15(k))(1) = |P(Bx1s(’))|@- 

B) By the character table A.10 of [8] we obtain 

d(Pxis) =U (Px1s)|Pxis(1) = a*(q— 1) and so e(Px15)(1) = @", 

d(Pxi6) = | (Px16)|Px16(1) = q’(q—1) and so c(Px16)(1) = 4, 

d(Px17) = |E(Pxi7)|Pxi7(1) = a*(q— 1)(q? +1) and so e(Pxi7)(1) = 9g? +1), 
d(Pxis) = |\U(Pxis)|Pxis(1) = a*(a— 1)(@ — 1) and so e(Px18)(1) > 9°(q* — 1) 
The values are set out in Table (IV): 
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Table (IV) 


Now by Table (IV) we have 

min {d(y): Kerx =1} = d(Px15s) = q*(q—1)) and 

min {c(x)(1) : Kerx =1} =c(Px15)(1) =@. 

C) By the character table A.14 of [8] we may calculate the following 
dQxia(®)) = I(Qxia(&))|Qx14(k)(1) > gg? —1) and s0 e(Qxia(®))(1) > a, 
d(Qx15(k)) = |P(Qx15(K))|Qxis(k)(1) = a8(q—-1)?(q+1) and so c(Qx15(k))(1) = 
q’(q— 1) and 

Sf, Qras(h)) = (Thy xe) (Hh Qxre(A))(D) = a(-NG+ DE - 
1) 80 e(O4_ Qxr6(*))(1) = G—-N@? +q+D. 

For the character Qx14(k), as |T(Qyxis(k))| < g? — 1, where T(Qx14(k)) = 
P(Q(Qx14(k)) + Q), we have 


g(a -—1) < d(Qxualk)) < P(e — Iq? — 1). 


So for the character Qxis(k), as [T(Qxis(k))| <q? +q +1, where P(Qy15(k)) = 
T(Q(Qx15(k)) : Q), we have 


g°(q —1)(q? — 1) < d(Qxis(k)) < g(q? — 1)(q? - 1). 


Now by the above inequality we have 

min {d(x) : Kerxy = 1} = d(Qx14(k)) = mq3(q? — 1) if m<q-—1, otherwise, 
min{d(x): Kerx = 1} = d(Qxis(k)) = ng? (¢? — 1)(q- 1). and 

min {c(x)(1) : Kery = 1} = c(Qxia(k))(1) = ma”, if 4 <q—1, otherwise , 
min{c(y) : Kerx = 1} = c(Qx15(k))(1) = nq?(q— 1), where m = |T(Qy14(k))| 
and n = |I'(Qx15(k))I- 
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